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In this paper, a simple repairable system (i.e. a one-component repairable system with one
repairman) with preventive repair and failure repair is studied. Assume that the preventive
repair is adopted before the system fails, when the system reliability drops to an undeter-
mined constant R, the work will be interrupted and the preventive repair is executed at
once. And assume that the preventive repair of the system is ‘‘as good as new” while the
failure repair of the system is not, and the deterioration of the system is stochastic. Under
these assumptions, by using geometric process, we present a bivariate mixed policy ðR;NÞ,
respectively based on a scale of the system reliability and the failure-number of the system.
Our aim is to determine an optimal mixed policy ðR;NÞ such that the long-run average cost
per unit time (i.e. the average cost rate) is minimized. The explicit expression of the aver-
age cost rate is derived, and the corresponding optimal mixed policy can be determined
analytically or numerically. Finally, a numerical example is given where the working time
of the system yields a Weibull distribution. Some comparisons with a certain existing pol-
icy are also discussed by numerical methods.
 2008 Elsevier Inc. All rights reserved.1. Introduction
In the earliest studies of repair problems, a common assumption is to assume that the system after repair is ‘‘as good as
new”. This is a perfect repair model. However, most repairs in practice are not perfect. Barlow and Hunter [1] ﬁrst presented
a minimal repair model in which the minimal repair does not change the failure rate of the system. Later on, Brown and
Proschan [2] reported an imperfect repair model in which the repair will be perfect repair with probability p and minimal
repair with probability 1 p. Many research works on this topic have been reported by [3–7] etc. But, for a deteriorating
repairable system, it is more reasonable to assume that the successive working times of the system after repair will become
shorter and shorter while the consecutive repair times of the system after failure will become longer and longer. Finally, it
can not work any longer, neither can it be repaired. For such a stochastic phenomenon, Lam [8,9] ﬁrst introduced a geometric
process repair model to approach it. Under this model, he studied two kinds of replacement policy, one based on the working
age T of the system and the other based on the failure-number N of the system. The explicit expressions of the average cost
rate under these two kinds of policy are respectively calculated. Finkelstein [10] presented a general repair model based on a
scale transformation after each repair to generalized Lam’s work. Zhang [11] generalized Lam’s work by a bivariate replace-
ment policy ðT;NÞ under which the system is replaced at the working age T or at the time of the Nth failure, whichever occurs
ﬁrst. Many research works are described in [12–21] along this direction.. All rights reserved.
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ventive repair has been widely used. The earlier research can be found in Barlow and Hunter [1]. Zhang et al. [22] considered
a replacement policy for a deteriorating production system with preventive repair in which the interval of preventive repair
is ﬁxed and the preventive repair is ‘‘as good as new”, while the failure repair is not. The replacement policy N is the number
of failures of the system, the objective function is cost efﬁciency (i.e. the long-run average cost per unit working time). Then
the optimal replacement policy N can be found by minimizing the cost efﬁciency. Zhang [23] discussed a geometric process
repair model with preventive repair in which the ﬁxed length of preventive repair is known and the preventive repair is ‘‘as
good as new”, while the failure repair is a geometric process repair. The optimal replacement policy N can be found by min-
imizing the average cost rate of the system. In this model, he proved that the optimal policy with preventive repair is better
than the optimal policy without preventive repair, and he also gave a discussion when the ﬁxed length of preventive repair is
unknown. Based on Zhang [23], Wang and Zhang [24] reported a bivariate replacement policy ðL;NÞ for such a simple repair-
able system, where L is the ﬁxed period of time between consecutive preventive repairs and N is the number of preventive
repairs of the system before it be replaced. The optimal bivariate replacement policy ðL;NÞ can be found by minimizing the
average cost rate of the system.
In this paper, we present a more reasonable assumption for a geometric process repair model based on Zhang [23] and
Wang and Zhang [24], that is, we shall adopt a new assumption that the interval of the preventive repair (i.e. the correspond-
ing preventive repair point) will depend on the reliability of the system instead of the assumption of the ﬁxed length of the
preventive repair in Zhang [23] and Wang and Zhang [24]. When the reliability of the system drops to a constant R which is
called a critical reliability of the system, the system is closed and preventive repair is executed at once. The critical reliability
R and the failure-number N of the systemwill form a bivariate mixed policy ðR;NÞ. The explicit expression of the average cost
rate of the system can be derived and the corresponding optimal mixed policy ðR;NÞ can be determined analytically or
numerically. Finally, an appropriate numerical example is given where the working time of the system is given by a Weibull
distribution. Some numerical results show that our new policy possesses better performance than the policy given in [23].
For easy reference, we ﬁrst state the deﬁnitions of stochastic order and a geometric process as follows:
Deﬁnition 1. Given two random variables n and g ifPðnP aÞ > PðgP aÞ for all real a
then n is called stochastically larger than g and written n>stg, otherwise written n<stg. Furthermore, we say that a stochastic
process fXn;n ¼ 1;2; . . .g is stochastically decreasing if XnPstXnþ1 and stochastically increasing if Xn6stXnþ1 for all n ¼ 1;2; . . ..
Deﬁnition 2. Assume that fun;n ¼ 1;2; . . .g is a sequence of independent non-negative random variables. If the distribution
function of un is SnðtÞ ¼ Sðan1tÞ for some a > 0 and all n ¼ 1;2; . . ., then fun;n ¼ 1;2; . . .g is called a geometric process.
Obviously, if a > 1, then fun; n ¼ 1;2; . . .g is stochastically decreasing, i.e.
un>stunþ1; n ¼ 1;2; . . . :If 0 < a < 1, then fun;n ¼ 1;2; . . .g is stochastically increasing, i.e.
un<stunþ1;n ¼ 1;2; . . . :If a ¼ 1, then the geometric process becomes a renewal process.2. Model assumptions
We study the simple repairable system with preventive repair and failure repair by making the following assumptions.
Assumption 1. At the beginning, a new system with preventive repair and failure repair is installed. The system will be
replaced sometime by a new and identical one, and the replacement time is negligible.
Assumption 2. The time interval between completion of the ðn 1Þth failure repair and the completion of the nth failure
repair of the system is called the nth repair cycle of the system, n ¼ 1;2; . . .. The time interval between the ðm 1Þth replace-
ment and mth replacement of the system is called the mth renewal cycle, m ¼ 1;2; . . ..
Assumption 3. The preventive repair is executed as soon as the system reliability drops to the critical reliability R. The sys-
tem after preventive repair is ‘‘as good as new” in the same repair cycle. The failure repair of the system is a geometric pro-
cess repair. A possible course of the system functioning in nth repair cycle is shown in Fig. 1.
Let Xn; nn;Yn and fn be respectively the working time without preventive repair, the working time with preventive repair,
the repair time and the total preventive repair time of the system in the nth repair cycle, n ¼ 1;2; . . .. The distribution
functions of Xn and Yn are respectivelyFnðtÞ ¼ Fðan1tÞ;GnðtÞ ¼ Gðbn11 tÞ;
where t P 0; aP 1;0 < b1 6 1 are the ratios of the geometric repair of the system.
Fig. 1. A possible course of the system in nth cycle.
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repairs and the jth (j ¼ 1;2; . . . ;vn) preventive repair time in the nth cycle. It is easy to see from Fig. 1 that XðmÞn ¼ sn, for
m ¼ 0;1; . . . ;vn  1, while XðvnÞn < sn. Further assume that ZðjÞn ; j ¼ 1;2; . . . ;vn are independent and identically distributed,
with distribution function HnðtÞ ¼ Hðbn12 tÞ, where 0 6 b2 6 1 is the parameter of preventive repair. Then the total working
time and the total preventive repair time of the system in the nth repair cycle are respectivelynn ¼ vnsn þ XðvnÞn ; ð1Þ
fn ¼
Xvn
j¼1
ZðjÞn ; ð2Þwhere vn ¼ 1;2; . . . ; n ¼ 1;2; . . ..
According to Deﬁnitions 1 and 2, fXn;n ¼ 1;2; . . .g is a stochastically decreasing geometric process with the ratio a;
fYn;n ¼ 1;2; . . .g and fZðjÞn ;n ¼ 1;2; . . .g are respectively, a stochastically increasing geometric process with the ratio b1 and
b2. Moreover, assume that EX1 ¼ k > 0; EY1 ¼ l1 P 0 and EZðjÞ1 ¼ l2 P 0, l1 ¼ 0 and l2 ¼ 0 imply that the failure repair time
and preventive repair time are both negligible.
Assumption 4. The preventive repair cost rate is cp, the failure repair cost rate is cf , the working reward rate of the system is
cw and the replacement cost is c. The failure damage in the nth cycle is gn;n ¼ 1;2; . . ..
Assumption 5. The bivariate mixed policy ðR;NÞ, where R is the critical reliability before preventive repair in all repair cycles
and N is the number of failures, is used.3. Average cost rate under policy ðR;NÞ
In this section, we consider the bivariate mixed policy ðR;NÞ based on the critical reliability R before preventive repair in
all cycles and the failure-number N of the system. Our problem is to choose optimal mixed policy ðR;NÞ such that the aver-
age cost rate of the system is minimized.
Let T1 be the ﬁrst replacement time of the system under policy ðR;NÞ, in general, let Tn ðnP 2Þ be time interval of the nth
renewal cycle of the system under policy ðR;NÞ. Obviously, fT1; T2; . . .g forms a renewal process.
Let CðR;NÞ be the average cost rate under policy ðR;NÞ. According to the renewal reward theorem (see, e.g. Ross [25]), we
haveCðR;NÞ ¼ E cost in a renewal cycle½ 
E length of a renewal cycle½  ¼
EW
EL
; ð3Þwhere W and L denote respectively the total cost in a renewal cycle and the length of a renewal cycle. According to Eqs. (1)
and (2), and Assumptions 3–5, we haveW ¼ cp
XN
n¼1
fn þ cf
XN1
n¼1
Yn þ c þ
XN
n¼1
gn  cw
XN
n¼1
nn; ð4Þ
L ¼
XN
n¼1
nn þ
XN
n¼1
fn þ
XN1
n¼1
Yn: ð5ÞIn the following we will calculate EW and EL.
According to Assumption 3, the preventive repair is executed as soon as the system reliability drops to the critical reli-
ability R in any repair cycle of the system. We haveR ¼ 1 Fðs1Þ ¼ 1 FnðsnÞ ¼ 1 Fðan1snÞ;n ¼ 1;2; . . .
As the working time of the system is a continuous (or subsection continuous) random variable, we can getsn ¼ s1an1 ð6Þ
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mined by s1 and the ratio a. As aP 1, so sn is geometrically decreasing with the increasing of number n. Compare to the
preventive policy given in [23], it’s working interval sn ¼ s is ﬁxed while our sn is variable with n. Considering that the sys-
tem is deteriorating after the geometric repair, to avoid system failure, the preventive repair should be more and more fre-
quency, so our new policy is more reasonable than the one given in [23].
Because the critical reliability R is the same in any repair cycle of the system, so vn yields geometric distribution for every
non-negative integer n, i.e.Pðvn ¼ kÞ ¼ Rkð1 RÞ; k ¼ 0;1;2; . . . ;
thereforeEvn ¼
X1
k¼0
kRkð1 RÞ ¼ R
1 R : ð7ÞClearly, Evn is independent of the cycle number n.
To evaluate Enn, ﬁrst of all, we evaluate E X
ðvnÞ
n
h i
. Using (6) we haveE XðvnÞn
h i
¼ E XnjXn < sn½  ¼ 1FnðsnÞ 
Z sn
0
xdFnðxÞ ¼ 11 R 
1
an1
Z s1
0
udFðuÞ ð8ÞThus, using (6)–(8), the average working time of the system with preventive repair in nth repair cycle is given byEnn ¼ E vnsn½  þ E XðvnÞn
h i
¼ Rð1 RÞ 
s1
an1
þ 1
1 R 
1
an1
Z s1
0
udFðuÞ: ð9ÞWe can also compute the average preventive repair time in the nth repair cycle byEfn ¼ E
Xvn
j¼1
ZðjÞn
" #
¼ Rð1 RÞ 
l2
bn12
ð10ÞAccording to model assumptions and Eqs. (3)–(10), we can give the average cost rate of the system under policy ðR;NÞ as
follows:CðR;NÞ ¼ EW
EL
¼
cp  E
PN
n¼1fn
h i
þ cf  E
PN1
n¼1Yn
h i
þ c þ E PNn¼1gnh i cw  E PNn¼1nnh i
E
PN
n¼1nn
h i
þ E PNn¼1fnh iþ E PN1n¼1Ynh i
¼ cp W2 þ cf W3 þW4  cw W1
W1 þW2 þW3 ;
ð11ÞwhereW1 ¼ R1R  s1 
PN
n¼1
1
an1 þ 11R 
R s1
0 udFðuÞ 
PN
n¼1
1
an1
¼ 11R  R  s1 þ
R s1
0 udFðuÞ
   aN1aNaN1 ;
W2 ¼ R1R  l2 
PN
n¼1
1
bn12
¼ R1R  l2 
bN21
bN2bN12
;
W3 ¼
PN1
n¼1
l1
bn11
¼ l1  b
N1
1 1
bN11 bN21
;
W4 ¼
PN
n¼1
Egn þ c:Note that R ¼ 1 Fðs1Þ and sn ¼ s1an1, then CðR;NÞ can be written as Dðs1;NÞ. The optimal mixed policy ðs1;NÞ is determined
by minimizing Dðs1;NÞ. Accordingly, we can ﬁnd the optimal mixed policy ðR;NÞ. In the following section, we will give an
example to show the existence and uniqueness of the optimal policy for our system.
4. A numerical example
In this section, we provide an example to illustrate that an optimal mixed policy ðs1;NÞ or ðR;NÞ for minimizing the
average cost rate of the system can be determined. Further more, we also calculate the corresponding cost under the pre-
ventive repair and replacement policy ðs1;NÞ in [23]. Compare with the previous policy, our new policy displays better per-
formance in the light of the average cost of the system running.
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Some r
s1ðRÞ n
100(0.9
120(0.9
140(0.9
160(0.9
180(0.9
200(0.9
220(0.9
240(0.9
260(0.9
280(0.9
300(0.9
Table 2
Some r
s n N
100
120
140
160
180
200
220
240
260FnðtÞ ¼ Fðan1tÞ ¼ 1 exp  a
n1t
b
 a !
; ð12Þwhere t P 0;a > 0; b > 0; a > 1;n ¼ 1;2; . . ..
Let a ¼ 1:5;b ¼ 2000;a ¼ 1:03;b1 ¼ 0:9;b2 ¼ 0:95;l1 ¼ 240;l2 ¼ 40; cw ¼ 40; cf ¼ 50; cp ¼ 10; c ¼ 5 105;Egn ¼ 104. After
numerical calculation, we can get that the minimal average cost rate of the system is Dðs1;NÞ ¼ Dð200;10Þ ¼ 16:7851,
the corresponding policy is ðs1;NÞ ¼ ð200;10Þ and the critical reliability upon preventive repair is R ¼ 0:9689. Then we
can obtain the optimal bivariatemixed policy ðR;NÞ ¼ ð0:9689;10Þ. More detailed results can be found in Table 1. Fig. 2 shows
the variety of the average cost rate based on bivariate policy ðs1;NÞ, and the optimal policy can be found uniquely from the
cost rate surface.esults obtained from the average cost rate Dðs1;NÞ.
N 6 7 8 9 10 11 12 13
889) 14.4262 14.8134 14.9551 14.9289 14.7813 14.5420 14.2307 13.8611
854) 14.9147 15.4459 15.6955 15.7521 15.6690 15.4799 15.2073 14.8666
817) 15.1078 15.7702 16.1183 16.2509 16.2271 16.0846 15.8482 15.5351
776) 15.1052 15.8878 16.3260 16.5281 16.5587 16.4589 16.2558 15.9682
734) 14.9694 15.8627 16.3838 16.6496 16.7299 16.6692 16.4967 16.2324
689) 14.7408 15.7368 16.3344 16.6590 16.7851 16.7602 16.6156 16.3726
642) 14.4468 15.5384 16.2073 16.5863 16.7547 16.7628 16.6438 16.4203
593) 14.1062 15.2875 16.0229 16.4526 16.6603 16.6989 16.6034 16.3978
542) 13.7325 14.9982 15.7961 16.2732 16.5175 16.5845 16.5108 16.3215
490) 13.3352 14.6807 15.5375 16.0593 16.3379 16.4314 16.3780 16.2038
436) 12.9214 14.3427 15.2553 15.8193 16.1302 16.2484 16.2139 16.0538
Fig. 2. A plot of average cost rate versus s1;N.
esults obtained from the average cost rate Cðs1 ;NÞ in [23].
6 7 8 9 10 11 12 13
14.5869 15.1054 15.3820 15.4933 15.4846 15.3846 15.2121 14.9797
14.9157 15.5617 15.9291 16.1057 16.1436 16.0757 15.9234 15.7012
14.9562 15.7187 16.1690 16.4053 16.4857 16.4470 16.3132 16.1003
14.8066 15.6766 16.2033 16.4944 16.6137 16.6017 16.4846 16.2800
14.5277 15.4977 16.0953 16.4370 16.5922 16.6046 16.5027 16.3056
14.1585 15.2223 15.8861 16.2750 16.4636 16.4985 16.4105 16.2201
13.7253 14.8775 15.6036 16.0368 16.2565 16.3125 16.2373 16.0530
13.2458 14.4820 15.2670 15.7421 15.9912 16.0669 16.0037 15.8249
12.7328 14.0490 14.8902 15.4051 15.6819 15.7762 15.7243 15.5507
G.J. Wang, Y.L. Zhang / Applied Mathematical Modelling 33 (2009) 3354–3359 3359With the same lifetime distribution of the system and parameter values given above, we also obtain some cost results for
the policy ðs1;NÞ in [23] given in Table 2. Again, we can see that the optimal repair replacement policy ðs1;NÞ ¼ ð160;10Þ is
unique, and the average cost rate under it is 16.6137. Obviously, applying the optimal repair replacement policy for the
same repairable system, our new policy is better than the old one.
5. Concluding remarks
In this paper, we present a new bivariate mixed policy ðR;NÞ for a simple repairable system with preventive repair and
failure repair. Here, we adopted a new assumption that the interval between the preventive repairs depended on the reli-
ability of the system instead of the assumption of the ﬁxed length of the preventive repair in Zhang [23] andWang and Zhang
[24]. When the reliability of the system drops to the critical reliability R, the system is closed and preventive repair is exe-
cuted at once. Thus, the bivariate mixed policy in the paper is more interesting in theory and practice. Now, we can sum-
marily mention the following discussions:
(1) When R ¼ 0, then no preventive repair is adopted. Thus, a bivariate mixed policy ðR;NÞ for a simple repairable system
in this paper will become a kind of replacement policy N for a simple repairable system in Lam [8,9].
(2) When N !1, then there is no replacement. Obviously, it is unreasonable. Because for a deteriorating repairable sys-
tem, the successive working times of the system after repair will become shorter and shorter while the consecutive
repair times of the system after failure will become longer and longer. Finally, it can not work any longer, neither
can it be repaired.
Thus, the bivariate mixed policy ðR;NÞ (or ðs1;NÞ) is a prolongation of the policies in Zhang [23] andWang and Zhang [24],
and is also a generalization of the replacement policy N in Lam [8,9].
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